150 [919 


919, 


ON THE PROBLEM OF TACTIONS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol xxv. (1891), 
pp. 104—127.] 


1. I REMARK that the problem “to draw a circle touching each of three given 
circles” is not properly a problem with eight solutions, but it is a set of four 
problems each with two solutions: viz. if a, b, c are the radii of the given circles, 
$ the radius of the tangent circle, and r, s, ¢ the distances of its centre from 
the centres of the given circles respectively, then in the four problems respectively 
we have 

r=a+%3, r= a+3, r= a+3, r= a+, 
s=b+3, s=-04+3, s= 0+9, s=—-b+3, 


t=c+%3, t=  ¢+38, te-c+3, t=—¢+3; 
and thence also 
s—t=b-—c, s-t=-—b—c, s—-t= b+c, s—t=—b+e, 
t—r=c-—a, t-—-r= c—a, t-r=-c-a t-r=-c-4@, 
r—s=a—b, r—-s= a+b, r—s= a—b, r—s= a+b, 
where a, b, с may be regarded each of them as positive; but the sign of each 
distance r, s, t, and of the radius 5 is not assumable at pleasure, but analytically 
it comes out as a result in the solution, or it may be found by geometrical con- 
siderations. Thus, if the given circles are external to each other, then in the first 
problem we have two solutions, a first tangent circle touched externally by each of 
the given circles, and a second tangent circle touched internally by each of the given 
circles; and taking r, s, t, $,, 9%, each of them as positive, the signs in the two 
solutions respectively are 
r=a+%,, т=—– а + ,, ог say – "= а – ©, 
8=6+9,, s=-b+%,, —s=b —-%,, 
tae +3; = —– с + %,, ={= с -– 9,, 
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and so in other cases. 'Тһе second, third, and fourth problems are, it is clear, derived 
from the first problem by the change of (b, c) into (—b, c) (b, —c) (—b, —c) 
respectively: so that only the first problem need be considered, viz. this is as above 
т=@+%®, s=b4+3, t=c+43, 

whence also 

s—t=b-c, t-r=c—a, r—s=a-b, 
where b—c, с-а, a—b are given magnitudes the algebraical sum of which is =0, 
viz. they are one of them positive, and the other two each negative, or else two of 
them each positive, and the remaining one negative. 


2. The most simple and straightforward geometrical solution is that given in 
the Principia, Book I. Lemma XVI.; I reproduce this as given in Motte’s translation 
(The Mathematical Principles of Natural Philosophy, by Sir Isaac Newton, translated 
into English by Andrew Motte, 8°, 2 vols., London, 1729). 


“Lemma XVI. From three given points to draw to a fourth point which is not 
given three right lines whose differences shall be either given or none at all. 


Case 1. Let the given points be A, B, C (see figure) and Z the fourth point 
which we are to find: because of the given difference of the line AZ, BZ, the locus 


of the point Z wil be a hyperbola whose foci are А and B and whose principal 
axe is the given difference. Let that axe be MN. Taking PM to MA as MN is 
to AB, erect PR perpendicular to AB, and let fall ZR perpendicular to PR; then 
from the nature of the hyperbola ZR wil be to AZ as MN is to AB. And by 
the like argument the locus of the point Z will be another hyperbola whose foci 
are A, С, and whose principal axe is the difference between AZ and CZ; and QS 
a perpendicular on AC may be drawn to which (QS), if from any point 7 of this 
hyperbola a perpendicular ZS is let fall, this (ZS) shall be to AZ as the difference 
between AZ and OZ is to AC. Wherefore the ratios of ZR and ZS to AZ are 
given and consequently the ratio of ZR to ZS one to the other: and therefore if 
the right lines RP, QS meet in 7, and TZ and TA are drawn, the figure TRZS 
will be given in specie, and the right line TZ, in which the point Z is somewhere 
placed, will be given in position. There will be given also the right line TA and 
the angle ATZ; and because the ratios of AZ and TZ to ZS are given, their ratio 
to each other is given also; and thence will be given also the triangle ATZ whose 


vertex is the point Z. ФЕТ. 
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Case 2. If two of the three lines, for instance AZ and BZ, are equal, We. 
Case 3. If all the three are equal, Wc. 


This problematic lemma is likewise resolved in Apolloniuss Book of Tactions 
restored by Vieta." 


3. Newton, in fact, considers the hyperbolas AB and АС, each of given axis, 
having the foci (А, B) and (А, C) respectively, and having РЁ, QS for the 
directrices which in the two hyperbolas respectively belong to the common focus 
A. The required point Z thus lies on a given line through the intersection 7 of 
these two directrices; and its position on this line is determined by the condition 
that the distances AZ, TZ shall be in a given ratio: the locus of the points which 
satisfy this last condition is of course a circle; and the position of Z is thus 
determined as the intersection of the given line by a given circle (which I will call a 
Newton-circle); there are two intersections giving points Z,, Z}, which are the centres 
of the two tangent circles respectively: and the line as a locus їп quo of these two 
points is of course a determinate line, but Newton's circle is only one of a singly 

infinite series of circles through the two points: any other solution of the problem 
gives therefore the same line, but not in general the same circle. 


4. In what immediately follows, I use for convenience the letter F in place of 
the foregoing letter T. 


Effecting Newtons construction, first as above, with the points А (B, C); and 
then in like manner, secondly with the points B(C, A), and thirdly with the points 
C(A, B); and in regard to a hyperbola AB or BA, writing АВ for the directrix 
which belongs to the focus A, and BA for the directrix which belongs to the focus 
B; then 


For hyperbolas AB, AC, we have intersection of directrices AB, AC is a point 
Е; for hyperbolas BC, BA, we have intersection of directrices BC, BA is a point 
G; for hyperbolas CA, CB, we have intersection of directrices CA, CB is a point H. 


Hence these three points F, ©, H lie in a line, which is the line containing 
the required points Z,, Za; or say it is the line Z,Z.. 


The points Z,, Z, are determined as the intersections of this line by a circle 
which is the locus of the points whose distances A, F are in a given ratio; similarly 
they are determined as the intersections by a circle which is the locus of the points 
whose distances from В, G are in a given ratio; and they are determined as the 
intersections by a circle which is the locus of the points whose distances from C, H 
are in a given ratio. We have thus three Newton-circles: if the centres of these 
are Р, G', H’ respectively, then clearly these points lie on a line Z'"G'H', which 
bisects at right angles the line (or chord) Z,Z,; the points A, Р, F’ are obviously 
in a line, as are also the points B, G, @, and the points C, H, H’; or (what is 
the same thing) considering for a moment the line F’G’H’ as a given line bisecting 
Z,Z, at right angles, then the centres Р”, G', Н’ would be found as the intersections 
of this line F"G'H' with the lines AF, BG, CH respectively. 
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The points 21, Z, being determined as above, then the points of contact œ, f, 
y: of the circle Z, with the circles А, В, C respectively are points of intersection 
of the lines ДА, Z,B, Z,C with these circles respectively; and similarly the points 
of contact а, Bə, у of the circle Z, with the same circles respectively are points of 
intersection of the lines 4,4, Z,B, Z,C with these circles respectively. 


5. І compare with Newton’s the construction in which the centres Z,, Z, are 
determined by means of the points of contact with the given circles: I may refer 
to Prop. 10, pp. 118—120 of Casey’s Sequel to Euclid (12°, Dublin, 1881). We have 
here the line Z,Z, determined as the line through the radical centre of the three 
circles A, B, C, perpendicular to an axis of symmetry (say the axis containing the 
three centres of direct symmetry) of the same circles: this point Q is the centre 
of the orthotomic circle. And if the common chords of the orthotomic circle and the 
circles A, B, C respectively meet the axis of symmetry in the points a, b, c; then 
we have a, a as the points of contact of the tangents from a to the circle А; 
£i, В. as the points of contact of the tangents from b to the circle B; and y, у 
as the points of contact of the tangents from c to the circle C: the suffixes 1 and 
2 can and must be so applied that the three lines Aa, ВВ,, Cy, meet in а point 
4, of the line Z,Z,, and the three lines Aa, Bf, Cy, in a point Z, of the same 
line. We thus obtain the required points Z, and Ж. 


6. Taking the equations of the three circles to. be 
(x — af + (у — a} = а, 
(x — By + (y - В.) = 0, 
(o— Qr уу =, | 
I wish to obtain the equations of the line Z,Z, and of the three Newton-circles; 


but I will first find, by a separate analytical investigation, an expression for the 
length of the chord 4,43. 


Writing f, g, h for the distances BC, CA, AB of the points А, В, C from each 
other; ту, s, f£, for the distances of Z, from these points respectively, and 7, Sa t 
for the distances of Z, from these points respectively; we have a triangle whose 
sides are f, g, h, and two points Z,, Z, whose distances from the vertices are m, s, 
t and т, s, t, respectively; and we can in terms of these data find an expression 
for the distance æ of the points Ж, Z from each other. In fact, considering any 
four points 1, 2, 3, 4 and any other four points 1’, 2, 3’, 4, then if 11’, 12", «е, 
denote the squared distances of the points 1 and 1’ from each other, of the points 
1 and 2’ from each other, &c., we have between the several distances the relation 


Oo ee ah (К 
bh M 123, UE G4. 
1. 91, 929, 20.84 
Los. 8E, 99, 2. 
1, 41, 42’, 49', 44 


m. X. 20 
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and thence, taking the points 1, 2, 3 and also the points 1’, 2’, 3’ to be the points 
A, B, C respectively, and the points 4 and 4’ to be the points Z, and Z, respectively, 
we have the required relation 


0, 1, D TP NS 
Т, 9,"AM M e 
1, Bs05 tonat 
Lg. Bere 
l. Р CPU 


viz. putting for shortness 
А =/*#+д*+ ht— 2g? — 21? f? — 2fg?, 
Aa? T 0, 1 , 1 , 1 ? 1 = 0, 
1, 0, cate сы 


this equation is 


where the determinant has the value 
(r* 7?) f* (— f? + g^ +h) +f? (t? — т) (r? — 8?) + (0? — 72) (n? — 83) 
+ (8+ 82) P 7—9 +l) + gp ((r?— 52) (82 — t?) + (72 — э) (82 — 6) 
TUER) P( feg hk) М (8? t) (t? — т) + (8? t) (t — n) 
Ка, ЕА 
7. For the points Z,, Z,, the distances т, s, ћ «nd 7, 8, Ь have the values 


a+, 6+%, c+, and a+, b+, c+, respectively, where $,, $, are the radii 
of the tangent circles; substituting these values, we find 


" Aa? + 22 + 2% (3, + ®„) + D (S? + 5,2) + 268,9, = 0, 
where 
A= ау APAP EPEE E – а?) (а – 0) – fle 
HOF 72—90 +10) +09 (à — 0) (0 c) 
+ ем ( PHP- №) + (02 – с) (с — а), 
B= af? (+09 +h) + 7° (с-а) (a — b) (2a ++ c) 
+ by ( f?-g+l’)+ g (а – Б) (b-c) (a+ 2b + с) 
+ ch? ( f?+g9?—h*)+h? (b—c)(c—a)(a+b + 2с), 
D- LAT Ta 
FET TF 
+h?( +0902 №), = – А, 
E= 47° (с –а) (а —– b) 
+ 4g (a — b) (b — o) 
+ 4h? (b — c) (c — a). 


www.rcin.org.pl 


919] ON THE PROBLEM OF TACTIONS. 155 


But $&,, 9, are the roots of an equation in $&, which is at once obtained from 
the foregoing equation by putting therein æ —0, $,— $,, =9: viz. if, for shortness, 
C=D +E, =-А - 4(f* (с-а) (a — b) +0 (a — b) (b — c) + k (b с) (c — a)], 


then the equation in $ is 
3[ + 28S + 69° = 0 ; 
we have therefore 


2 
З, += – T. э, =; 
and consequently 
4B? 49° – 29(& 29[@ 
Aa? + 221 — -F +® БЕГЕН oe TuS 


that is, 
AG?ax? + 29[8? — 435*(5 + D (4B? — 2916) + 29[@ (C — D) — 0, 
AG? + 4 (V? — AC) (Ф — 6) = 0, 
Дб = 4 (P? — AC) E, 
where A, $, ©, Œ have the values given above; we hence find 
B- AC — — (f*— (b= oy) (g*— (c — ay) (f — (a — by] x (f*-- gi Зр — Bef? — 23g) 
=— {/*%—(%— су] ig - (c-ay) (^ —(a—5y] A; 
and, putting for г its value ZZ,, the equation thus reduces itself to 


@ (ZZ; = — 4 {f° — (b — oy) {9° — (c— ay) {k — (a — by} G. 


or, reducing, 


that is, 


8. Тһе denominator factor @? and the several numerator factors of (ZZ) may 
be accounted for. It is to be observed that (ZZ, does not contain the factor A of 
$:—93(6. If A=0, the centres of the circles А, B, C are in a line; the two tangent 
circles are circles situate symmetrically in regard to the line ABC, that is, their 
radii are equal, and the line through their centres is bisected at right angles by 
the line ABC; the radii are equal, and thus %° – 916 = 0, but the centres are not 
coincident, and thus ZZ, is not =0. The expression for (ZZ, assumes a more simple 
form, for we have €=—A+€=6, and the formula thus becomes 


€ (ZZy =- 4 [f° — (b — oy] (g^ — (c — ay) (I^ — (a — bY}. 

If in this formula ($—0, then we have 44, = 0; in fact, the circles A, В, C 
have here a pair of common tangents, and the tangent circles are these common 
tangents: each of the centres is thus a point at infinity, and the distance of the 
two centres is to be regarded as — infinity. In verification observe that, if the circles 
have a pair of common tangents, then, taking the intersection of these for the origin, 
if P, Q, R be the distances of the centres from this origin, we have 

Pies Bae РӘ не; 
and therefore 
f:g:hzb—ce:c—a:a-b; 
©, = (c— a) (a — 0) 7° + (a — b) (b— c) g* + (b — с) (c — a) h, 
contains a factor (b — с) + (c — а) + (a — b), and is thus = 0. 


whence 


20—2 
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Supposing A not =0, then 3° — AÇ is =0, that is, the two radii are equal 
only if one of the factors f?*—(b—cy, g*—(c—ay, h*—(a—b) is —0, and in this 
case we have also ZZ,=0; the two tangent circles are here coincident. The equation 
f*—(b—c?20 signifies that the circles B, C touch each other internally, or, what is 
the same thing (if, as was initially assumed, the radii b, c be taken to be each of 
them positive), the point of contact is a direct centre of symmetry; hence, when 
f*—(b—cy20, the two tangent circles are coincident. And similarly if g*— (c — ay = 0, 
or if h — (a — by = 0. 


9. If in the general formula we have ($—0, then ZZ,=0; the circles A, В, C 
have here а common tangent and one of the tangent circles becomes this common 
tangent; we have thus a centre at infinity and the distance of the two centres is 
thus also infinite. 


To show that @=0 is the condition of а common tangent, suppose that the 
three circles have a common tangent, and let P, ©, R denote the distances of the 
points of contact from any fixed point on this tangent: we have 


*-(Q- Ry (— су, 
g = (R Ру (e - ay, 
lé = (P — Q} + (а 0), 


equations which I represent by f’, g, = а + /?, +m, у + т, where a4 8 + y —0, 
l+m+n=0. We have 
Ўн + А = — о? -„ 8° + у? —– 12 + m+n, = — 2 Ву — тт, 
and forming the corresponding values of f?—g + А, f*--g?— hk, and multiplying by 
f^, P, V=C+P, В + т, y +n? respectively, we find : 
— А = — 2a*mn — 28% — іт — 2Ё8‹у — 2т?уа — 2n?af. 
But the last three terms hereof are 
== Ё(— a? + 8? + у?) + т? (—-8 + у? + a) + п? (— y +a? + 8°); 
which is 
s оё (m? +n? — 1?) + 8? (n? + 2 — т?) + у? (/? Ет? = n?), 
and this is 
= — 2a*^mn — 28% — іт. 
Hence we have 
— А = — 4a?mn — A?nl — 4vy?lm, 
that is, 
= — Af?mn — 40% — Al?lm, 


or replacing l, m, n by their values, we find 
-4=—4 {f° (c— a) (a —b) + g^ (a — b) (b — o) + h? (b с) (c — a)], 


which is the required condition @ = 0. 


10. It would at first sight appear that the distance ZZ, of the two centres 
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would always vanish if (6 —0. But if A, B, C are real circles, this condition (S = 0, 
implies 
ra g he 
(0-0) (e-ay («-by' 

whence A=0, and this being so we have ©=—A+6, =0, and the value of ZZ, 
instead of being =0, is or appears to be infinite. In proof, take for a moment the 
origin at A and the line AB for the axis of x; we have thus (0, A) for the coordinates 
of B, and taking (a, y) for the coordinates of 6, we have g=a*+y?; /° = (А – 2) + y. 
Writing as before l, m, n, to denote b —c, c— а, а — b respectively, we have 


16= mn((h – af +y} + nl (а? + 3?) + Ит, 
m (n + D) I? - n (l+ т) (а + y?) — 2mnha, 
= — mh? — п? (a? 4 y?) ж 2mnhe, 


= — (mh + па)? — ny’, 


and thus, for real values, @ can only vanish for у=0, on™, these values of 2, y 
252 252 ^9 2 2 

give f?= 2% р" , that is, ==, or writing for l, m, n their values, they 

give F А 2 


СЕС 

11. But for imaginary circles the condition €=0 does not imply А = 0, 
and supposing ($—0, the distance Z,Z, is —0; the equation 98*— 96 —0, is not 
satisfied, and thus the two radii are unequal; it would seem that we have concentric 
circles Z,, Z, each touching the three given circles А, B, C, and this would imply 
that the radii а, b, c were equal to each other: this cannot be the case, for the 
only relation is that given by the foregoing condition ($ —0. The explanation of this 
paradox is that the two circles Z,, Z, are not really concentric, but it is only the 
distance Z,Z, of the centres which is =0, viz the centres are points on an imaginary 
line z—at (y — 8) = 0. 

In verification hereof, I start from two circles Z,, Zə, 

(w+ 1? + (y+ i} =n, 
(2—1) + (у – 0) = т, 
having for centres the two points (— 1, — 0), (1, ?) the distance of which two points 
from each other is =0. Consider for a moment a conic having these two imaginary 
points for its foci; viz. writing £, y for the coordinates of a point of the conic, the 
equation is 
/{(# 19 (0 y] — V(E— IP + 0-3] 2 m-n; 
we thence obtain 
(E +1)-+ (9 + i? = (m — ny 2 (m— n) (E — 1? + (0 — 9] +E- D' + (у – 0), 


that is, 
4 (E + i$) — (m — n = 2 (m — n) /((E — 1? + (7 — 0), 


www.rcin.org.pl 


158 ON THE PROBLEM OF TACTIONS. [919 
or putting m—n= 2k, we have 
E+in—RP=kV{(E-1P (0 – 0), 
ke (E + m°) — (E + om)? = ket 


for the equation of the conic. The last preceding equation gives 


and thence 


VE- 19+ (0 0) =— b+ Ët, тп), 


ог say 
V(E-**(-i-n- 4 (mtn) +27, 
and we have similarly 


МЕ +10 e i] те (ne n) + 


Ё +1) 
x 


This being so, it at once appears that, if (f, 9) are coordinates of a point on 


the conic, then the circle 
(r—£y-(y—»*- c, 


Pte 
k 


where 


=—4(т+п)+ 


is a circle touching each of the given circles Z,, Z,. In fact, the distance of the 
centre from the point Z, is ү(&+1) + (7 + 1), which is =@-+ т, the sum of the two 
radii; and similarly the distance of the centre from the point Z, is /((£ — 1 + (y — 2), 
which is =0 + л, the sum of the two radii. 


Hence if (E, т), (&”, n”) belong to any other two points on the conic, and we 


write 


pn (АДН E 


= бол) EXHI, 


cela dates > e ; 


we have 

-E tU- y=, 

(@—F +(у—т1)/=Ё, 

of re 
for the equations of three circles А, B, C each touching the two circles Z, Z,. 
Writing as before f, g, h for the mutual distances BC, CA, AB of the centres of these 


circles, then 
[= = УЛИ ED 
and similarly for g? and h. But we have 


= E-EN kia) 
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and therefore 


iE TE Ti =") 


=c 
and similarly 


Z--k(E-E-i n), 


and hence 


FL ne uum oma o 
b—c с-а а—Ь 


viz. it thus appears that the condition @=0 applies to a pair of circles Z, Z, 
which are not concentric, but which have for their centres two imaginary points the 
distance of which from each other is = 0. 


This completes the explanation of the denominator and numerator factors in the 
expression for the distance Z,Z, between the centres of the two tangent circles. 


12. I consider now the analytical solution: the equations of the given circles 
A, В, C are 
(X — ay + (У – а) – а = 0, 
(X - 8f + (Y 8) — 0 = 0, 
(Al~ oP + (Y= e 0, 
viz. (а, а), (8, Bi), and (y, yı) are the coordinates of the centres and (a, b, c) are 


the radii. Taking (2, y) for the coordinates of the centre of the tangent circle and 
$ for its radius, the equation of the tangent circle is 


(X —-ay-(Y- yf - 9320; 
and if we write т, s, ¢ for the distances of this centre from the points A, В, C 
respectively, that is, 
т = /{(ж а) + (y — ay, 
в = (x — By + (у — 8), 
= /{(ж — yy (y — %)}; 


then for the determination of the unknown quantities 2, y, & we have the three 
equations 
r=at+S, s=b4+3, t=c+3, 


or eliminating X, the centre is determined by means of the hyperbolas 
s—t-b—c t—r-2c—a, т—в=@—Ь; 


these three hyperbolas have, in fact, two common intersections which are the two centres 
Z, Za. 
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In all that follows, I write, as before, b —c, с-а, a—b=l, m, n; the last- 
mentioned equations are therefore 
s—t=l, t-—-r=m, 7—8 = п, 


and we deduce 


slam Pw 

r-in + ^ = – }т + "ak 

8 – ї r= 8 
жас 21 == КҮК En 

e-r 8 — ї 

Pp 2m WU ux a 

viz. writing 
ult o eh o ФЫЙ ПИ, 
21 2т 2n 


and therefore 
LR + mS + nT = 0, 


т=8 – ұт, s-T—in, t- R—4l, 
=T+ gn, -R-«4, =S tim; 
R, S, T are each of them a linear function of the coordinates (2, y) say we have 


R=) +My + №, 


these equations are 


S = pæ + шу + po, 
T =ve+ny tv, 


where 
B-¥ Bhon В+ 8 – ү – ү? 
-—— eros Ce CERE PRESA 
X, №, 2 П , l > 9l ? 
NES T. (Uni ME абый генин. ires 
© Ал› == m , m , 9m , 


«— В ы л о? + а> — 8° — 3, 


V,0,»—— 
d idc. "oc n 2n 


18. From the two equations r2 S— im- 7+ in, we deduce the equations of a 
line and a circle. | 


The line is S— 7 — 1 (m-- n) = 0, viz. substituting for S and T their values, this is 


02—72 Dg 


m т, 


— (m t n) = 0, 


that is, 
n (P — 1?) — m (7° — 8°) — mn (m + n) = 0, 


or, since 1+ m +n = 0, the equation is 


lr? + ms? + nt? + lmn = 0, 
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which is symmetrical in regard to the three circles. The equation may be written 
L(r* —a?) + т (8 —– 0) -n(86—0)20; 

and it thus appears that the line passes through the radical centre of the three circles. 

We have 

(v —p)r=v (S—4m) - p (T+ $n) = — (ur, — m») y + vis — pr — $ (mv. + mp), 

(л = ш) "= (8 — т) – ш(Т+ фп) = (шл — mv) 2 + vp — uv; — 3 (mv, + тш), 
and thence 

((v — a + (n — my] т = (v (S — Fm) - u (T+ in) + (n (8 т) — s (T+ $), 

which is the equation of a circle; in fact, on the left-hand side and right-hand side 
the only terms of the second order in (æ, y) are ((v— y + (n — mY} (e 4- y?) and 
(шл – nv) (а? +y’) respectively. We have thus the equation of the Newton-circle Р; 


but I reduce the form by substituting for p, шу, we, v, vi, v, their values. Writing for 


shortness 
la --m8 +пу = К, 


la, + MB, + пу, = К,, 
Ву — Bıy + yum — уа + а, – 8 = О, 
(8 – у) (@+ а) + (y – а) (8 + 8?) + (а — 8) (y? y?) = П, 
(8, — у) (&? + a?) + (y — а) (8° + B?) + (а, — Bi) (у + y) = Th, 
after some easy reductions the equation is found to be 
4(K? + Ку) (à? + y? — 2ax — 2a,y + о? + a?) 
= { 20у+П +(8 —y)mn+(m—n) К } 
+ {— 202+ П, + (8, — у) mn + (m — т) Ky. 


14. To further abbreviate, I write 
(8—y)mn-c(m—mn)K-F, (8;—y,)mn-H(m—n)K,—F,, 
(y -a)nl c(n -1) K2G, (y a) nl +(n -1) Ki 0, 


(а — В)іт +(1 т) К = Н, (о —8)lm - (| —m) К, = Н,; 
] 
ps { (a + агу+ т (8° + B?) -n (y+ үг) = Ө; 


and then writing down the three equations, we have 
4(K?4+ KY) т = (— 202+ 11, + А) + (2074+ TI + P y, 
&(К*-+ KA 8° = (— 202 +I, + G+ (205 4- II +6), 
4 (K? + KY)? = (— 202+ П, + Hy + (209 + TI + А), 

which iae the equations of the three Newton-circles, each meeting the chord 


lr? + ms? + nt? + тт = 0, 


ог, зау 
‚ —2Kæ -2K y+ 04+lmn=0, 


in the points Л, V 
Gy Git ZI 
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15. The first of these equations is 
A(K* Кур — О?) (2? + y? 
— 2 {4 (K? + Ку)а– 20 (П, + Ё,)| 2 
—2[4(K* -- К) а - 20 (II +F) y 
T 4(К* + Ку) (о + a?) — (IH, + Р) — (II + Р) = 0, 


that is, 
(4 (JC + Ky О) à — 4 (I? + Куа + 20 (IT, + F))? 


+ {4 (K°+ Ke 02) y— 4 (K? 4+ KY) a, — 20(II + P)? 
+ 4(K?+ Ke- 02) |4 (K? + KY) (æ + a?) (I + £y — (II + FY} 
— {4(K?+ Kẹ) a — 20 (TI, + А) 
— {4 (K? - Ку) а +20 (TI + P)? = 0, 

where the last term is 

= 16(K?+ Ку) (а + а?) 
— 4(K?4+ К) (П, + Р,)° 
— 4(K?°+ KA (П + Р) 
—16 (K?24+ KA (8 + а>) О? 
— 16 (K?+ Ky (a? + œ’) 
T 16 (K?+ К) a (Il, + Р) 
— 16 (K?+ KY) aQ (П + Р) 
= (K? + Ку) {- 4(II, + Р) — 4 (11 + Р)? 
— 16 (a? + а) O? + 16a0 (П, + F) — 162,0 (П + F)}. 
It thus appears that the equation of the Newton-circle F is 
4 (K*  K? XY (e £y + (y — £y) 
=(K?+ Ку) (IL +F, + (II + Py 
— 4aQ (II, + №) + 4a Q (II + P) + 4 (a? + a?) 07} 
=(К*+ KY) (П, + Р, — 240 + (II + F + 22,0), 
where the coordinates of the centre are 


2 0C - K?) a— O (IT, +F) 


f 2(K*- K? Оз) 
p 20C + Kt) a +9 (II + Р) 
1 2(K?-- К — Оз) 4 
апа 
К+ Kj 
rad? = с. КП, + F, — 2a + (II +F + 22,0 ; 


|2A(K-KER-QY 


and similarly for the Newton-circles G and H. 
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16. The centres are in a line at right angles to 
— 2Ka—2K,y+@+4+lmn=0, 
say the equation of this line is 
K,o— Ky +V¥=0; 
then we ought to have 
К, (2 (K? + K;?) a — 0 (If, - F)) - К (2(K* - K?)a + О(П + F)} "n 
2(K? + Ky? О?) c 


that is, 
2 (K°+ Ку) (Kya -—Ka)-(KE,I,-- ATI) 0-(G P + KP) O42 (K24+ K?—0»Y =0. 
This should agree with 
2(K?+ К) (8,8 — K8)) — (ALT, + AU) O - (К, + KG) 04+ 2 (К+ К — О?) Y =0, 
viz. we ought to have 
2 (K?+ Ку) {Ki (a 8) - K (оа – 8) - UG (Ё, — 6) +K (F —G)) О = 0. 
This can be true only if А, (4—8) – K (a, — В.) is a multiple of О; and, in fact, 
К, (a- 8) - K (a — &) 
= (a — В) (la, + mB, + ny) — (a, — Bi) (la + mB + ny) 
= l (aß, — B) + m (28, —% 8) +n {— (By, — By) — (ух — 7а) 
= — n (£y, — Bıy + ya, — y; + a, — 0,8), =—nQ. 
The equation to be verified thus is 
—2n(K?+ K?)— K,(F,—G) - K(F — G) 20, 
and here 
Е– @=(8 – у) тп —(y — a)ln t (1+ m — 2n) К 
= aln + 8mn — y (I + m) n — 3n K = (n — Зп) К = — nK. 


Hence 
—K (F—G)z2nK?*, 


and similarly 


= By (F PN Gi) = nK; 
and thus the equation is verified. 


17. Writing for shortness 
Ву – Ву, yt — уо, 48, — 48 == X, Y, Z, 
and therefore Q=X + Y+Z; we have 
2(K°+ Ку) (Kya — Ka)-(KF+K,F)Q 

= К (inp – у)( X-Y-2 

+ nl (y — a)(- X - Y - Z) 

+ lm (a — 8)(-X—Y--Z) 

+K, {mn (8, y)( Х-Ү-®) 

ES nl (y, — а) (- X + Y — Z) 
+ lm (a, — 8)(—Х— Y + Z)}. 


21-2 
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To verify this, observe that the left-hand side is 
2 (K^ + К) (nZ - nY) — ((8 — y) mnK + (8, — у) mn, (m — п) (C + К) О), 
or putting herein X + Y + Z for Q, this is 
(K+ Ку) (n — m) X -1Y - 12} - mn (8 — у) K + (8, ә) K} (X + Y+ Z), 


which is thus 
= mn((8—y)K-c-(B&-—wy)Kj( X—-Y-Z) 


+ nb ((y — e) K c( — a) Ki] A+ Y= Z) 
+ ln ((« - 8) K + (a, - 8) K] - X - Y +2). 
The equation to be verified thus becomes | - 
(К+ К) (n — m) X + LY —1Zj 
= mn((B-—wy) K-(8-y)K] 2X 
+ ni (y= a) K +(у —«) Ki] (- X - Y - Z) 
+ lm {(a — 8) K + (a – 8) К) (—-X-Y-Z) 
This breaks up into two equations, 
К {(n-—m)X+1Y-1Z}= mn(8-—wy)2X 
+ nl (y—a)(-X+Y-Z) 
+ im (a - B)(- X - Y +2); 
and a like equation with the suffixed letters. Апа the equation just written down, 


observing that each side is a linear function of X and Y —Z, again breaks up into 
the two equations 


(n — m) К = 2mn (B — y) — nl (y — а) — lm (a — 8), 
LK = — nl (у — а) — lm (a — В), 
which are at once verified: in fact, for the first equation the right-hand side is 
= (nl — lm) a+(2mn+ lm) В + (— 2mn — nl) у, 
=(n —m) la+ (2n+l)mB+(—2m —l)ny, 
= (п —m)(la+ mf + ny), =(п= т) К; 
and similarly in the second equation the right-hand side is 
(7 nl — lm) a -- lmB + ту, =l (la+ mB- wy, -l0K. - 
Writing then 
p= К {mn(8 —y)(X-Y—Z) 
+nl (y —a)(- X+ Y-Z)+lm(a —B)(-X-YV+Z)} 
+ К, {mn (8i у) (X — Y - 2) 
+ nl (y, —a) (- X + Y 2) + lm (a, — 8) (- X — Y + Z)}, 


we have 


Ф = (КП, + KM) 0 2 (K*- Ke- Оз) Y. 
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This equation determines Ф, and thus the equation of the line of centres is 
2 (IC + Ke- 0?) (Kye — Ky) + (KI + К,П,) О — Ф —0. 


18. This line meets 
— 2Кв— 2K,y + Ө + lnn = 0, 
in the mid-point of the chord Z,Z.. We thus have for the coordinates z, y of this 
mid-point 
2 (C - Кр — 0%) (К+ KY) x - K, (KT + KIL) 0— 6| К (К+ K? — 02(0 + тл) = 0, 
2(K?+ K?—0»)(C-- KY)y—K (KI + KIL) 0 — Ф - A, (K+ Ke- 02) (Ө + тт) = 0. 
The perpendicular distance of the centre of the circle / from the chord is 


| — 2Kf — 2K,f, 4 Ө + lim. 
" 2JP + Ку ; 
һеге 


2(Kf + Kft) = КЕГЕ [2 (K? + К) (Ka + Kya) - Q {K (II, + В) - K, (II + Р))), 


КП,-КП= (e-a?)(K(Bi-)- Ki (B— у)! 
+ (8* + By) {K (y — a) — Ki (у — @)} 
+ (%° + y?) {K (a — Bi) – К, (a — 8)) 
= Q {l(c + a?) +m (e+ BY) +n (у + уг) = 09, 
KF,—K,F- mn{K (8, – у) – K: (B — y) = ітпо. 
Thus 
o(Kf+ Kf) = GO (2 (K? + Кг) (Ka + Km) — Œ (8 + Imn)}, 


and hence the numerator of the fraction is 


на ши (— 2 (K? + Ку) (Ka + Kya) + 0? (Ө + Imn) + (K? + K} — О?) (Ө + lmn)} 
у 


т Dips (К+ Ку) {— 2 (Ka + Ку) + Ө + Imn}. 
y 


Thus the perpendicular distance of the centre of the circle F from the chord ZjZ, is 


Co WARNER. Y. 
= (К+ 0)! 2(Ка+ Ку) + Ө + Imn] ; 


moreover, by what precedes, we have 


Р мы, /(К* T Ky) D 2 A 2 
Radius = эз уз гну VL + F 20:0) + (Ih + А — 20). 


19. Hence also 


(2,2,) = Е. AI ay (1+ F + 24,0) + (II, + Р, — 2a0) — {Ө + imn — 2 (Ka + K,m)}?]. 
ie 
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We have 


K? + К — Оз = (la + mB + ny)? + (lo, + mB, + пу) — (By, — Biy + уа — ул + аё, — y; 
but 
J =B- у? (8: y, 
g'- (у — y (m — a», 
k = (а – BF + (a — Bi)’, 
– +090 010 = – 2 (у – а) (а – 8) – 2 (у – а) (а — B1), 


and hence 


whence 


(Рр) = {2 (у — а) (a — B) + 2 (у, — а) (а — 8) {(8 у) + (Bi – 71); 
or forming the like values of —g?(f?—g?+h*) and — !(f?--g!— h) and adding, we 


have 


А — ftt gt 4- ht — 299]? — Qh? f? — 2f*g? 
= 2(у— о) (а — 8)(3,— nF +2 (у, — о) (а —8)(8— yy 
+2 (а —8)(8 у) (m — «y + 2 (a, — 8) (8, — у) (y ау 
+2(8 – у) (у – a) (а, – 8) + 2 (8, у) (э, — а) (a — By 
= – 4 {a (0 — у) + 8, (y-a) + m (a – B) = – 40%. 
ia mnf? + nlg? + lm = mn (B + B + e? + y? — 2 (Ву + Ву) 
+ nb (y + y+ а + а – 2 (уа + уа) 
+ Іт (e + аё + + BY – 2 (28 + a8), 
= — (а + a) — m? (8° + 8,2) — т? (v? + у?) 
— 2тт (By, + yy) — 20 (ya, + уа) — 21т (a, + % 8), 
= — (la+ mB + пу)? — (la, + mB, + ny, 


= – K- Ку, 
Thus 
4 (IC + Ку) = — 4(mnf? + nlg? --lmh?), —402=A, 
and therefore 
4 (IC + Ку — О?) =A — 4 (mnf? + nlg + link’). 


But 
Ce 4 (mnf? + nlg? + lm), 
(6 — — А + 4 (mnf? + nlg? + lmh?), 
and thus 
4 (C + Ky) = — ($, 
4(К% + Ку – О?) = – 6, 
hence 


К? + K? — 4@ 


(К°+Кг— 027 — (2 ’ 
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and we have 


(Z,2,)= 


e [TI + F+ 22,0) (II, + F, 240 — (8 + Imn — 2 (Ka + Kya)}*} 
20. This should agree with the expression in No. 7, that is, we ought to have 
(II + Е + 2a,0y + (II, + Р, – 240 — (Ө + Imn — 2 (Ka + Kia )P = (f* — P) (9° — m?) (h? — rè), 
and this breaks up into the equations | 
(П + 20,0) + (IT, — 240) = fih 
2F (II + 220) + 2F, (II, — 240) – {O — 2 (Ka + Kia )} = — gl — М т" — Уп? 
F? + Р – 2lmn (Ө – 2 (Ka+ Ka) = FP mwr + g*n’l? + klm 
— (т?п? = — mre, 
which may be separately verified. 
21. In fact, we have 
П+2«О= (8—y) (a a) + (y— а) (8 87) + (а — B) (у + у) 
+ 2a, {— (8 — у) а — (у— а) 8i — (а — B) v], 
(B — y) (a? – a’) + (y — a) {8° а + (а, — By] + (« — B) (у — a? + (у, — а,)*), 
aè (B — y) + @ (y — а) + (a — 8)+ (у — a) (a — 8) (а — B) (у — а), 
-—(8—y)(y-9(a—B)*(y — а) (a — B) + (a — 8) (у, s, 


or, putting for shortness 


ll 


8—, y— a, a—B=n, “, V; В, = ул, Yi — Qi, a,— В, = №, Mi, 1, 


(where the letters X, д, v, №, д, nı have а meaning different from that assigned to 
them in No. 7), this is 
П --2a,00 = — Мм» + ш? + vus, 
and similarly 
Il, = 2а Q = — № + pav? + уи. 
Also 
Lh 9’, А2 = \? e №, и? + pas v+ >, 
and the first equation thus becomes 
(Apv + pv? + vp? + (— Apa + pa? + >ш)! = QU + М?) (и? + ш?) Q? + n), 
or if оп the left-hand we write А = —4—v, M = – ш — n, this is 


| (v (p? + ui?) + и Q? + 0) + irs (и? + ш?) + ш Q? + >), 
which is 
= (и? + ш?) (0 + v) (и? + 2ш» +? + p? + Quy, + >) 


= (и? + ш?) 0% + v?) (A? + №), 
which is right. 
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22. For the second equation, we use the values 
II + 200 =» (и + jj?) + ш (0 + v2), 
П, 2a О = n, (p? + p?) + p Q? + v); 
and the equation to be verified thus is 
2F (v (w+ a?) + ш (+ vè) = — P (и? + ш?) Q? wy) 
+ QF, (n Gà + и?) + а (1° v) — m (0 bv) (A? +?) 


— (6 2 (Ka + Ka) =n" (QV FX?) + А); 
we have 
Е = mn + (m — n) (la + mB + ny) = mnX + (m — n) (— mv + ny), 
that is, 
F =—т%у -- пш ; 
and similarly 
F, = — т?р, — пш. 


Also 
© —2(Ka+ К,а) 
l (æ + а?) + т (B + Be) + п (Gy + у) — 2 il (a e) + m (aB + ap) + п (ay + ауу,)}, 
—I(a? + о?) + m (8? + B2— 248 — 2a,8,) + n (у + y? — 2ary — 2a), 
m {(a — 8) + (а — B] +n (у – а? + Qn — a}, 
m (9? + vy?) + n (и? + py”). 
The left-hand side is 
— 2 (mv + nip) (и (и? + а?) + ш (0 + v’) 
— 2 (mv, + п) (vs (и? + ш?) + д (0 + 2) 
— (m Q? + vè) + n Q? шу}, 


which is 
= т? {– 2(0 +2) (и? + ш?) — 2 (и> + par) (0% + ә?) – (0 + 798) 


+ {— 2 (uv + parr) (и? + pè) — 2 (и? + ш?) (0 + >) — (^ + а?) 
+ (PCH + т?) (и? + ш?) (0 T2») 
= — (и? + ш?) РА) 
— т? (v? + v?) (и + Quy 4- 9? + p? + 2 + v?) 
— т? (и? + us?) (и? + Quy + v? + uj? + 29v, +r’), 
which is equal to the right-hand side. 
23. For the third equation we have as above 
F-—mvy-—wy, Р, = – mn — nm, 


© — 2 (Ka + Kim) = m (r? + n?) en (u? + ш), 
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and the equation thus is 
(mv + т?ш)? + (m?v, + тр) — 2lmn (m (9? + v?) +n (и? + шл?) 


= (А + Aj) mn? + ( m 4 ш?) nl? + (2? + v?) Pm? : 
here the left-hand side is 


= (т^ — 21т?п) (r + v?) 
+ (n* — lm) (p? + p?) 
+ mn? (А + A4 cM и? — pa 45 у? - и), 
which is 
= (А + М?) т?п? 
+ (u? + pè) тё (n? — 2lm — т) 
+ (0 + >?) т? (т? —– 2ln — т), 
which is equal to the right-hand side. 


24. The fourth equation is the identity — Pm?n? = — Pm’n?, and the whole equation 
is thus verified: viz. the analytical solution leads to the expression 


@ (ZZ; = — 4 Lf*— (b — oy] (g^ — (c — ay {h? — (a — bY} @, 


obtained by an independent process in No. 7 for the squared distance of the two centres. 


CXIE 22 
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